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Ultra-violet Finiteness
in Noncommutative Supersymmetric Theories
I. Jack and D.R.T. Jones
Dept. of Mathematical Sciences, University of Liverpool, Liverpool L69 3BX, UK
We consider the ultra-violet divergence structure of general noncommutative super-
symmetric U(Nc) gauge theories, and seek theories which are all-orders finite.
September 2001
In this paper we discuss noncommutative (NC) quantum field theories with spacetime
dimension d = 4, N = 1 supersymmetry and U(Nc) local gauge invariance (for reviews
and references see Ref. [1]). Our interest is in the ultra-violet (UV) divergence structure
and in particular the identification of theories which are “naturally” UV finite, where the
meaning of “natural” in this context will be explained later. Generally speaking in what
follows the term “finite” will mean “UV finite”.
The UV divergences in a NC theory are associated with the planar graph limit[2]
[3], which, for a gauge theory with matter fields in the adjoint, fundamental and anti-
fundamental representations (whether supersymmetric or not), can be obtained by taking
both Nc and Nf (the number of matter multiplets) to be large[4]; a limit also called the
Veneziano limit[5]. Moreover we showed in Ref. [4] that a particular set of NC theories
were UV finite to all orders of perturbation theory, these theories being
(1) N = 4.
(2) One-loop finite N = 2 theories.
(3) A specific one-loop finite N = 1 theory.
As we shall see below (and from previous explicit calculations[2][3][6][7]) the UV diver-
gences of NC theories are well understood; however they suffer in general from singularities
in the quantum effective action as θ → 0 (“UV/IR mixing”[3][7]), where θ is the noncom-
mutativity parameter. It was suggested in Ref. [7] that the NC N = 4 effective action
might in fact have a smooth limit as θ → 0. In this case the “classical” θ → 0 limit
(i.e. simply setting θ = 0 in the Lagrangian) results in a finite commutative (C) theory,
consisting of SU(Nc) N = 4 together with a free field U(1) theory. However in cases (2)
and (3) above the classical θ → 0 limit does not result in a UV finite theory (see later for
more discussion) and therefore the θ → 0 limit of the effective action will not be smooth
in these cases.
Cases (1) and (2) here are theories with only one independent coupling constant, the
gauge coupling g, thanks to the N ≥ 1 supersymmetry; in case (3) one has at the outset
two such couplings, g and a Yukawa coupling h, with the one-loop finiteness condition
h = g. The fact that this one-loop condition suffices to render the theory UV finite to
all orders is what we term natural UV finiteness. The corresponding class of theories
(defined by the (h, g) parameter space) in the commutative SU(Nc) case also contains a
finite theory, but with the renormalisation-group (RG) trajectory defining the finite theory
being an infinite power series of the form
h = a1g + a5g
5 +O(g7) (1)
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where a1, a5, · · · are calculable constants. This leads us to our central question: are there
any more naturally finite NCN = 1 theories? (We can of course write down N = 1 theories
with Yukawa couplings h 6= g which reduce to the N = 4 and finite N = 2 theories upon
setting h = g, and so these theories are also naturally finite according to our definition.)
In order to address this question we begin by constructing a general renormalisable
N = 1 supersymmetric U(Nc) gauge theory. We can consider theories with matter multi-
plets transforming as follows under gauge transformations:
η′ = η (2a)
χ′ = U ∗ χ (2b)
ξ′ = ξ ∗ U−1 (2c)
Φ′ = U ∗ Φ ∗ U−1 (2d)
where U is an element of U(Nc), η, χ, ξ,Φ transform according to the singlet, fundamental,
anti-fundamental and the adjoint representations respectively, and ∗ denotes the standard
noncommutative Moyal or ∗-product. The corresponding transformation on the gauge
fields is
A′µ = U ∗Aµ ∗ U−1 + ig−1U ∗ ∂µU−1. (3)
It is not clear how to construct gauge invariant theories with higher dimensional matter
representations; if one considers, for example, a multiplet Ω such that under the gauge
transformation
Ω′ = U˜ ∗ Ω (4)
where U˜ is a higher dimension U(Nc) representation, then it is not obvious how to form
the covariant derivative, since the transformation Eq. (3) is not equivalent to a similar
expression with U replaced by U˜ .
A general theory is then characterised by the superpotential
W = riηi + s
aTrΦa
+ 1
2!
rijηiηj +
1
2!
sabTr (ΦaΦb) +m
αβξαχβ
+ 13!r
ijkηi ∗ ηj ∗ ηk + 13!sabcTr (Φa ∗ Φb ∗ Φc) + λαaβξα ∗ Φa ∗ χβ + ραβiξα ∗ χβ ∗ ηi
(5)
Here a : 1 · · ·NΦ, α, β : 1 · · ·Nf , i, j, k : 1 · · ·Nη. (We presume that Nξ = Nχ = Nf in order
to ensure anomaly cancellation [8].) Terms such as, for example, ηTrΦ do not appear in
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Eq. (5), because while
∫
d4xTrΦ is invariant under gauge transformations, TrΦ itself is not.
Note also that, for example, rijk = rjki = rkij , but that rijk is not totally symmetric, and
that quadratic terms are ordinary products (rather than ∗-products) within a space-time
integral.
The one-loop gauge β-function βg is given by
16pi2β(1)g = [Nf + (NΦ − 3)Nc] g3 (6)
Note that this result remains valid in the abelian case, i.e. for Nc = 1.
In the corresponding C U(Nc) ≡ SU(Nc)⊗ U(1) theory, we would have
16pi2β(1)g = [Nf + (NΦ − 3)Nc] g3 for SU(Nc) (7a)
16pi2β(1)g = Nfg
3 for U(1) (7b)
and of course Eq. (7a) is valid for Nc ≥ 2; in the case Nc = 1 we would have only Eq. (7b).
Notice that Eqs. (6), (7) become the same for NΦ = 3; this supports the conjecture[7]
that the NC effective action is free of singularities as θ → 0 for N = 4 theories. The fact
that the condition NΦ = 3 renders the C and the NC β-functions identical is a one-loop
result only; beyond one loop it is no longer sufficient, even when Nf = 0, as we shall show
later. For N = 4, however, the specific form of the Φ3 interaction means that both C and
NC β-functions vanish to all orders. For other NC finite theories such as finite N = 2,
with Nf = 2Nc, NΦ = 1, the situation is evidently different in that the corresponding C
theories have a non-vanishing U(1) β-function, and we therefore expect θ → 0 singularities
(though the UV finiteness of N = 2 theories beyond one loop suggests that for N = 2
these singularities might be susceptible to summation).
The one-loop anomalous dimensions of the various matter superfields are also closely
related to those in the corresponding C SU(Nc) case, which are given by the general
formula
16pi2γ(1)ij = P
i
j , (8)
where
P ij =
1
2Y
iklYjkl − 2g2C(R)ij , (9)
for a general cubic superpotential
W = 16Y
ijkφiφjφk (10)
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where Yjkl = (Y
jkl)∗, and
C(R)ij = (R
ARA)ij , (11)
for a multiplet φi transforming according to a representation RA.
Thus in the C SU(Nc) case we have
16pi2γ(1)iη j =
1
2
rilmrjlm +Ncρ
αβiραβj (12a)
16pi2γ
(1)a
Φ b =
N2c − 2
4Nc
sacdsbcd − 1
2Nc
sacdsbdc + λ
αaβλαbβ − 2Ncg2δab (12b)
16pi2γ
(1)α
ξ α
′ = 2CF (λ
αaβλα′aβ − g2δαα′) + ραβiρα′βi (12c)
16pi2γ(1)β
′
χ β = 2CF (λ
αaβ′λαaβ − g2δβ′β) + ραβ′iραβi. (12d)
where CF =
N2
c
−1
2Nc
, whereas in the NC U(Nc) case we have
16pi2γ(1)iη j =
1
4
rilmrjlm +Ncρ
αβiραβj (13a)
16pi2γ
(1)a
Φ b =
1
4
Ncs
acdsbcd + λ
αaβλαbβ − 2Ncg2δab (13b)
16pi2γ
(1)α
ξ α
′ = Nc(λ
αaβλα′aβ − g2δαα′) + ραβiρα′βi (13c)
16pi2γ(1)β
′
χ β = Nc(λ
αaβ′λαaβ − g2δβ
′
β) + ρ
αβ′iραβi. (13d)
The β-functions of all the parameters in the superpotential W are determined in terms of
γ by the non-renormalisation theorem, which continues to hold in the NC case. Thus for
example
βαβm = γ
α
ξ α′m
α′β +mαβ
′
γβχβ′ . (14)
Notice that apart from the r2 contribution to γη, the NC U(Nc) and the C SU(Nc)
anomalous dimensions become identical if we drop 1/Nc terms. In the absence of singlets
the general result is that the NC U(Nc) anomalous dimensions can be precisely obtained
as the Veneziano limit[5] of the corresponding C SU(Nc) results: the Veneziano limit
being large Nc and large Nf , with Nc/Nf fixed (notice that the λ
2 term in Eq. (13b) is
O(Nf )). This is because each Φa and each ξ, χ may be regarded as two-index objects,
with two Nc-dimensional indices in the case of the Φa and one Nc-dimensional, one Nf -
dimensional index in the case of the ξ, χ. Graphs are constructed using ’t Hooft’s double-
line formalism[9]; the phase factors associated with the ∗-product then cancel, leaving a
UV-divergent contribution, only for planar graphs. These contain the maximum number
of closed loops, corresponding to the maximum number of factors of Nc and/or Nf .
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We shall be concentrating on the search for finite theories, and therefore (since clearly
γ
(1)i
η j > 0, unless η is a free field) we shall exclude singlet fields. The NC U(Nc) anomalous
dimensions can then be obtained to all orders as the Veneziano limit of the C SU(Nc) ones.
In this case one-loop finiteness requires (in addition to the vanishing of β
(1)
g in Eq. (6))
λα
′aβλαaβ = g
2δα
′
α (15a)
λαaβλαaβ′ = g
2δββ′ (15b)
1
4Ncs
acdsbcd + λ
αaβλαbβ = 2g
2Ncδ
a
b. (15c)
We shall restrict ourselves to theories for which, in addition to Eq. (15a, b), we also have
λαaβλαbβ =Nfλδ
a
b, (16a)
sacdsbcd =sδ
a
b. (16b)
Tracing Eqs. (15a, b) and (16a) we obtain NΦλ = g
2, and hence from Eqs. (15c) and (16b)
that
s =
(
8− 4σ
NΦ
)
g2. (17)
where σ = Nf/Nc. Now any one-loop finite C theory is automatically two-loop finite, and
it follows that the same will be true for our NC U(Nc) theories. Moreover any two-loop
finite C theory has vanishing β
(3)
g ; once again it follows that the same will be true for these
NC U(Nc) theories. The check for higher-order finiteness thus starts with γ
(3) for the NC
U(Nc) theory. This can be obtained (in the absence of singlets) as the large-Nc, large-Nf
limit of γ(3) for the C SU(Nc) theory. The result for γ
(3) in a general commutative theory
is[10]:
(16pi2)3γ(3) = (16pi2)3γ
(3)
P
+ κ
{
g2 [C(R)S4 − 2S5 − S6]− g4
[
PC(R)C(G) + 5PC(R)2
]
+ 4g6QC(G)C(R)
}
+ 2Y ∗S4Y − 12S7 − S8 + g2 [4C(R)S4 + 4S5]
+ g4
[
8C(R)2P − 2QC(R)P − 4QS1 − 10r−1Tr [PC(R)]C(R)
]
+ g6
[
2Q2C(R)− 8C(R)2Q+ 10QC(R)C(G)]
(18)
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where κ = 6ζ(3), 16pi2β
(1)
g = Qg3, C(G) = Nc for SU(Nc),
Si4j = Y
imnP pmYjpn (19a)
Si5j = Y
imnC(R)pmP
q
pYjnq (19b)
Si6j = Y
imnC(R)pmP
q
nYjpq (19c)
Si7j = Y
imnP pmP
q
nYjpq (19d)
Si8j = Y
imn(P 2)pmYjpn (19e)
Y ∗S4Y
i
j = Y
imnS4
p
mYjpn, (19f)
and where[11]:
(16pi2)3γ
(3)
P = κg
6
[
12C(R)C(G)2 − 2C(R)2C(G) − 10C(R)3 − 4C(R)∆(R)]
+ κg4 [4C(R)S1 − C(G)S1 + S2 − 5S3] + κg2Y ∗S1Y + κM/4
(20)
where
Si1j = Y
imnC(R)pmYjpn (21a)
Y ∗S1Y
i
j = Y
imnS1
p
mYjpn (21b)
Si2j = Y
imnC(R)pmC(R)
q
nYjpq (21c)
Si3j = Y
imn(C(R)2)pmYjpn (21d)
M ij = Y
iklYkmnYlrsY
pmrY qnsYjpq (21e)
∆(R) =
∑
α
C(Rα)T (Rα). (21f)
Note that in a one loop finite theory (P = Q = 0) γ(3) reduces to γ
(3)
P . In Eq. (21f) the
sum over α is a sum over irreducible representations. Thus whereas C(R) is a matrix,
C(Rα) and ∆(R) are numbers. To obtain the NC U(Nc) result we need to specialise to
SU(Nc), and extract the leading terms in Nc, Nf . This involves replacing the Casimir
CF =
N2
c
−1
2Nc
corresponding to the fundamental representation of SU(Nc) by CF =
1
2
Nc
corresponding to U(Nc), and by dropping the M -term, which is non-planar (and hence
non-leading in Nc, Nf ). Then upon using Eqs. (15a, b) and (16), we find for a one-loop
finite theory
(16pi2)3γ
(3)a
Φ b = κN
3
c g
2[−2σg4 − 4NΦg4 + 8g4 + 18s2 − 12sg2]δab, (22a)
(16pi2)3γ
(3)α
ξ α
′ = 1
4
κN3c g
4[16g2 − 4σg2 − 8NΦg2 + s]δαα′ , (22b)
(16pi2)3γ(3)β
′
χ β =
1
4κN
3
c g
4[16g2 − 4σg2 − 8NΦg2 + s]δββ′ , (22c)
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where s is determined by Eq. (17). We are seeking “naturally” finite N = 1 theories;
those for which one-loop finiteness implies all-orders finiteness. The obvious strategy is
firstly to choose the field content to ensure vanishing β
(1)
g in Eq. (6), then to choose the
Yukawa couplings to make γ(1) = 0 in Eq. (13), and finally to check for vanishing of the
higher-order RG functions. From Eq. (6) we see that to achieve vanishing β
(1)
g we need to
take either Nf = 0, NΦ = 3; Nf = Nc, NΦ = 2; Nf = 2Nc, NΦ = 1; or Nf = 3Nc, NΦ = 0.
However, in the last case, in the absence of singlet interactions it is clearly impossible to
arrange γ
(1)
ξ = γ
(1)
χ = 0. We shall consider each remaining case in turn.
The first class of theories (Nf = 0, NΦ = 3) includes NC N = 4, which, as we showed
in Ref. [4], is all-orders finite. The superpotential for NC N = 4 is
W1 = gTr (Φ1 ∗ [Φ2,Φ3]∗) = g(Wa −Wb) (23)
where Wa = Tr(Φ1 ∗ Φ2 ∗ Φ3) and Wb = Tr(Φ1 ∗ Φ3 ∗ Φ2); surprisingly, we were also able
to show that the theory with superpotential
W2 = gTr (Φ1 ∗ {Φ2,Φ3}∗) = g(Wa +Wb) (24)
is also all-orders finite, and hence is naturally finite according to our definition. Both these
theories are special cases of the general three-adjoint case defined by
W = 1
3!
sabcTr (Φa ∗ Φb ∗ Φc) , a, b, c : 1 · · ·3. (25)
According to Eq. (15c), these theories are one-loop finite if
sacdsbcd = 8g
2δab. (26)
Are all such theories finite to all orders? We will now show that, unlike in the C case, the
class of theories defined by Eqs. (25), (26) is indeed naturally finite through three loops.
It is clear that for the NC U(Nc) theory with the three-adjoint superpotential Eq. (25), if
Eq. (26) holds, i.e. s = 8g2 and σ = 0, then in Eq. (22a), γ(3)ab = 0. The M -term, which
does not contribute in the NC case as it is non-planar, is indeed solely responsible for the
non-vanishing of γ(3) in the C case in, for example the two-loop finite SU(Nc) theory [12]
W =
√
2gNc√
N2c − 4
dabcφa1φ
b
2φ
c
3. (27)
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This theory, in fact, is closely related to an example of the class of commutative theories
which can be made finite by defining a Yukawa coupling as a power series in the gauge
coupling. Thus if we replace the superpotential W by
W =
√
2hdabcφa1φ
b
2φ
c
3, (28)
and define by h as follows:
h = gNc/
√
Nc
2 − 4 + a5g5 +O(g7) (29)
then it is possible to choose a5, · · · to achieve finiteness [13]. This C theory, though finite, is
not naturally finite. Notice that if we set θ = 0 in Eq. (24) we obtainWC2 =
√
2gdabcφa1φ
b
2φ
c
3,
which is not finite. Thus although the NC theory defined by Eq. (24) is UV finite, we expect
its effective action to develop singularities as θ → 0; moreover, since the theory does not
have N = 2, we expect the structure of these singularities to be more involved beyond one
loop.
Returning to the NC case, does the natural finiteness persist beyond three loops, given
Eq. (26)? Consider the O(s8) graph shown in Fig 1.
Fig. 1: Graph giving irreducible contribution to γ(4).
Now clearly this graph, being planar, contributes to the NC U(Nc) result for
γ(4). However the condition Eq. (26) is not sufficient to reduce the tensor expression
simnsqrsspuwstvxsmpqsnstsruvswxj and therefore in the general case there will be an O(s
8)
contribution to the NC γ(4); thus this class of theories is not in general naturally finite
beyond three loops.
We now turn to the case Nf = Nc and NΦ = 2. From Eq. (17) we have s = 6g
2, and
it is easy to show from Eq. (22) that neither γ
(3)
Φ nor γ
(3)
ξ,χ vanish. There are therefore no
naturally finite theories in the case Nf = Nc and NΦ = 2.
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Finally we turn to the case Nf = 2Nc and NΦ = 1. Note that in this case, writing
λα1β = Λαβ , we can redefine ξ and χ to diagonalise Λ. Then Eq. (15a, b) implies ΛΛ† = g21,
and so in this diagonal basis we can write Λ = g1. We also have from Eq. (17) that s = 0.
However, this is now simply the N = 2 theory.1 Thus there are no new naturally finite
NC theories with Nf = 2Nc.
We thus find no evidence of any additional naturally finite supersymmetric theories in
the NC case beyond the one already discovered in Ref. [10], at least under the assumption
Eq. (16). However, since our arguments are founded on the impossibility of reducing
complex tensor expressions in the general case, we cannot rule out the existence of further
isolated examples of naturally finite supersymmetric theories. Indeed, it appears likely
that other naturally finite theories must exist, as it has been argued[14] that theories
obtained by orbifold truncation from NC N = 4 supersymmetry, whose planar graphs
may be evaluated using the corresponding graphs of the original NC N = 4 theory[15],
are naturally finite; such theories may have N = 2 or N = 1 supersymmetry or indeed
may be non-supersymmetric. These theories are highly constrained in their field content,
interactions and also in their gauge group, which is typically a product of U(Nc) factors.
At present our only example of an all-orders finite NC supersymmetric gauge theory with
a U(Nc) gauge group and which is not finite by virtue of finiteness of the corresponding
N > 1 commutative theory is the theory defined by Eq. (24).
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1 This is UV finite beyond one loop (because of N = 2 supersymmetry) in both C and NC
cases. TheNf = 2Nc condition renders both the NC U(Nc) theory and the C SU(Nc) theory finite
at one loop as well; in the C U(Nc) theory, however, the additional U(1) gauge coupling has a non-
zero one-loop (and one-loop only) β-function, unless there are no matter (ξ, χ) hypermultiplets,
in which case this β-function is also zero. Thus (as we remarked earlier) for a N = 2 theory with
hypermultiplets we would expect singularities to occur in the effective action in the limit θ → 0.
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